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A MORERA TYPE THEOREM IN THE STRIP
A. Tumanov
Introduction
We prove the following
Theorem. Let f be a continuous function in the strip |Imz| ≤ 1. Suppose for every
r ∈ R the restriction of f to the circle |z−r| = 1 extends holomorphically inside the circle.
Then f is holomorphic in the strip |Imz| < 1.
The result can be regarded as a Morera type theorem because the holomorphic ex-
tendibility is equivalent to the moment condition. For various versions of the Morera
theorem, see e. g. [ABC], [BZ].
The question answered by the above theorem has been known for over a decade. A
general natural question is whether the analyticity of a function can be tested by restricting
the function on (usually one parameter) families of Jordan curves.
Agranovsky and Val’sky [AV] proved the result for any family of curves invariant
under Euclidean motions of the plane.
Globevnik [G] proved tests of analyticity in an annulus for any rotation invariant
family of Jordan curves. Apparently, the compactness of the group of rotations played an
important role, because for the family obtained by translating a given curve parallel to the
real line, the problem has since been open even for the circle.
Agranovsky [A] proved Theorem under additional growth assumptions on f . He also
proved the result in case f is real analytic in the disc |z| < 1 + ǫ.
Agranovsky and Globevnik [AG] have recently solved the problem for arbitrary one
parameter families of circles for rational functions of two real variables and for real analytic
functions. In particular, they found families on which the analyticity cannot be tested.
Ehrenpreis [E] has also proved Theorem for real analytic f , but his results hold for
PDE more general than the Cauchy–Riemann equation.
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Despite the one variable nature of the problem, we use the analysis of several complex
variables, specifically, the extendibility of CR functions. The proof goes through for a finite
strip and some curves other than the circle, but for a general curve the question remains
open.
The author thanks Mark Agranovsky for useful discussions.
1. Proof of the main result
We prove the theorem stated in the introduction.
Step 1. We introduce a CR function F on a hypersurface M ⊂ C2.
Denote by fr(z) the holomorphic extension of f to the disc |z − r| < 1. Define
F (z, w) = fr(z) for w = z−r. The function F is defined on the real hyperplane Imz = Imw
for |w| ≤ 1 and holomorphic on every disc z = w + r, |w| < 1, where r ∈ R is constant.
Hence F is a CR function. (For a reference on CR functions, see e. g. [BER].)
On the boundary E = {(z, w) : Imz = Imw, |w| = 1} of the region on the hyperplane
where F is defined, we have F (z, w) = f(z). Note that G(w) = −w−1 reflects the circle
|w| = 1 about the imaginary axis. Then F (z, G(w)) = f(z), too. Hence F satisfies
F (z, w) = F (z, G(w)) on E.
Define the hypersurface M = {(z, w) : Imz = h(w), w ∈ C}, where h(w) = Imw for
|w| ≤ 1 and h(w) = h(G(w)) = −Im(w−1) for |w| ≥ 1. Then h is continuous and it is
smooth except for |w| = 1.
Extend F to the rest of M by F (z, w) = F (z, G(w)). Then F is a continuous CR
function on M .
We will ultimately prove that F extends holomorphically to a neighborhood of (0, 0)
and that actually F (z, w) is independent of w. This will mean that fr(z) is independent
of r, whence f is holomorphic.
Step 2. We prove that F extends holomorphically to a one-sided neighborhood of each
point of E except the points (z, w) ∈ E, w = ±1.
Indeed, M consists of two smooth hypersurfaces that meet transversally at the totally
real edge E except the points where w = ±1 in which E has complex tangencies. By
the “edge of the wedge” theorem by Ayrapetian and Henkin [AH], in a neighborhood of
every point (z0, w0) ∈ E such that ±Imw0 > 0, F extends holomorphically to the side
±(Imz − h(w)) < 0 respectively, which completes this step.
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Step 3. We prove that F extends to a (full) neighborhood of every point (z, w) ∈ E
with w = ±1.
This is done by extending F into small analytic discs. Let ∆ be the standard unit disc
in complex plane. Recall an analytic disc inC2 is a map g : ∆→ C2, g ∈ C(∆¯)∩O(∆). We
say the disc g is attached toM if g(b∆) ⊂M . By the Baouendi-Treves [BT] approximation
theorem, the CR function F is locally a uniform limit of holomorphic polynomials. Hence
F extends holomorphically to every open set covered by (the images of) small analytic
discs attached to M . (See e. g. [BER].)
Small analytic discs attached to M of the form Imz = h(w) are constructed explicitly
as follows. Let ζ 7→ g(ζ) = (z(ζ) = x(ζ)+ iy(ζ), w(ζ)), ζ ∈ ∆, be an analytic disc attached
toM . Given the w-component ζ 7→ w(ζ) and x(0) = x0, we have y(ζ) = h(w(ζ)) for |ζ| = 1,
hence the z-component ζ 7→ z(ζ) is defined as the unique holomorphic function in ∆ with
given imaginary part on the circle and given x(0). The “center” g(0) = (x0 + iy0, w(0)) is
found by
y0 =
1
2πi
∫
|ζ|=1
h(w(ζ))
dζ
ζ
. (1)
We construct the family of discs ζ 7→ g(ζ) = g(ζ, x0, w0, t) for which w(ζ) = w0 +
aζ + tφ(ζ), where a > 0 is fixed and small enough to make the discs small, and φ is a fixed
holomorphic function with φ(0) = 0, which we will choose later. The discs depend on the
parameters x0 ∈ R, w0 ∈ C close to ±1, and t ∈ R close to 0.
Consider the evaluation map Φ : (x0, w0, t) 7→ g(0, x0, w0, t). Note Φ(x0,±1, 0) =
(x0,±1). We will prove that Φ is a diffeomorphism in a neighborhood of (x0,±1, 0), so the
discs cover a neighborhood of (x0,±1), which will complete Step 3.
By the implicit function theorem, it suffices to show that y˙(0) = d
dt
∣∣
t=0
y(0) 6= 0 for
w0 = ±1. Note that h(w) = ImH(w), where H(w) = w for |w| ≤ 1 and H(w) = G(w) for
|w| > 1. Then (1) turns into
y(0) = Im
(
1
2πi
∫
|ζ|=1
H(±1 + aζ + tφ(ζ)) dζ
ζ
)
. (2)
Differentiating (2) yields
y˙(0) = Im
(
1
2πi
∫
|ζ|=1
H ′(±1 + aζ)φ(ζ) dζ
ζ
)
.
If the above expression vanished for all polynomials φ, then by the moment conditions,
ζ 7→ H ′(±1 + aζ) would extend holomorphically from b∆ to ∆, which is not the case.
Hence y˙(0) 6= 0 for some φ, which completes Step 3.
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Step 4. We prove that F extends holomorphically to a neighborhood of M \ E.
Indeed, M \E is a union of complex curves, each of which contains a boundary point
of the form (x0, 1), where x0 ∈ R. By Step 3, F is holomorphic at that point, and the
conclusion follows by propagation of analyticity along complex curves (Hanges and Treves
[HT]).
Step 5. We prove that F (z, w) is independent of w.
We extend F to “big” discs attached to M . Extendibility to big discs does not
follow from the approximation theorem. It follows by the continuity principle because F
is holomorphic in a (one-sided near E) neighborhood of M and because discs attached to
M can be contracted into a point. We don’t have to pay attention to the fact that the
neighborhood in which F is holomorphic is one-sided near E, because M can be slightly
pushed inside the neighborhood.
Consider the following one parameter family of discs D(a), a > 0, with centers at
(x0, 0), x0 ∈ R:
|w| < a, z =
{
x0 + w, a ≤ 1
x0 + a
−2w, a > 1
We now regard the discs D(a) as subsets in C2 rather than mappings of the standard disc.
The discs are attached to M ; they contract to (x0, 0) as a→ 0. The analytic continuations
of F along all D(a) match because the discs have the same center.
We claim that F |D(a) is bounded uniformly in a. Indeed, by the construction in Step
1, F |bD(a) for a > 1 is defined using fr(z) with r = z−G(w), where |w| = a, z = x0+a−2w.
Hence r = x0 + a
−2w + w−1 = x0 + a
−2(w + w¯),
|r| ≤ |x0|+ 2a−1, (3)
so r whence fr is uniformly bounded in a.
Now for small x0 and ǫ > 0, φ(w) = F (x0, w) is a uniform limit of φa(w) = F (x0 +
a−2w,w) in |w| < ǫ as a→∞. The function φa is holomorphic in |w| < a and is bounded
uniformly in a. Hence φ is constant. This completes the last step in the proof of the
theorem.
Remark. Theorem also holds in a finite strip. Indeed, for Steps 1–4 it suffices to
assume the hypothesis of the theorem for |r| < 1 + ǫ with arbitrarily small ǫ > 0. This
seems to be a natural range for r in the theorem. However, the contraction of the discs
D(a) in Step 5 as it follows from (3), requires the range |r| < 2+ ǫ. One may try to reduce
this range by using a different contraction.
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2. Proof for other curves
Our method applies to some curves other than the circle.
Theorem’ Let a > 0, b > 0. Let f be a continuous function in the strip |Imz| ≤ b.
Suppose for every r ∈ R the restriction of f to the ellipse a−2(x− r)2 + b−2y2 = 1, where
z = x+ iy, extends holomorphically inside the ellipse. Then f is holomorphic in the strip
|Imz| < b.
Proof. The proof consists of the same five steps. We give a proof in the case a < b,
the other case being similar, even simpler. We normalize a and b so that b2− a2 = 1, then
we fix a number p > 0, such that a = sinh p, b = cosh p. Denote by Eq the ellipse with
half-axes (sinh q, cosh q) centered at the origin and by Dq the domain bounded by Eq.
Following Step 1, we introduce F (z, w) = fr(z) for w = z − r, where fr(z) is the
extension of f into Dp+r, r ∈ R. Then F is a CR function on the hyperplane Imz = Imw,
w ∈ Dp.
For q ∈ R, we introduce the function
Gq(w) = (cosh q)w + (sinh q)
√
w2 + 1
holomorphic in the exterior of the line segment [−i, i], where we choose the branch of the
square root such that
√
w2 + 1 > 0 for w > 0. Note Gq is an odd function.
For q, r, t ∈ R, w = sinh(q + it) = sinh q cos t + i cosh q sin t ∈ Eq, we have Gr(w) =
sinh(±r + q + it) if ±q > 0 respectively. Hence Gr(Eq) = E|r+q| for q > 0.
From the above properties it follows that G−2p gives a conformal mapping of D2p \
[−i, i] to itself, and reflects Ep about the imaginary axis.
We defineM by the equation Imz = h(w), where h(w) = Imw for w ∈ Dp, and extends
to the whole plane applying the relation h(w) = h(G−2p(w)) infinitely many times. We
extend F to the rest of M so that F (z, w) = F (z, G−2p(w)) is also applied infinitely many
times.
This completes Step 1 of the proof. Steps 2–4 go through along the same lines.
In Step 5 we consider the discs D(n) given by z = x0 +
w
cosh(2np)
, w ∈ D2p, where n
is a positive integer. Then for small w, the function φ(w) = F (x0, w) is approximated by
φn(w) = F (x0+
w
cosh(2np)
, w) as n→∞. The function φn is defined in D2np and uniformly
bounded in n. Hence, φ is constant, and the proof is complete.
We consider one more example of a curve for which our method works. This may
be of interest because the curve meets the boundaries of the horizontal strip at a nonzero
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angle. Let Γ = Γ+ ∪ Γ−, where Γ± are the circular arcs defined as follows
Γ± = {z : |z sinα± cosα| = 1,±Rez ≥ 0}.
The arcs intersect at the angle 2α, where we choose α = π/n, n ≥ 3 is integer. The proof
is similar. The defining function h of the hypersurface M is constructed using the relation
h(w) = h(G(w)), where G(w) = (w + tanα)(−w tanα + 1)−1 maps Γ− to Γ+.
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